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ABSTRACT 

For.  parabolic  integro-differential  equations  of  the  form 

t 

(0.1)  u (*,t)  +  Au( ♦  ,t)  +  /  g(t  -  s  ,u( •  ,s) )ds  *  f(*,t) 

0 

on  a  time-space  cylinder  0  *  [0,®)  the  question  of  convergence  of  solutions 
to  a  limit  solution  is  studied.  Here  A  is  (e.g.)  the  negative  Laplacian, 
and  g(s,u)  is  typically  of  the  structure 

N 

(0.2)  g(s,u)  *  £  a.(s)g.(u)  . 

i=1 

The  kernels  a^t*)  have  to  satisfy  certain  decay  properties,  but  no 
assumptions  concerning  the  smallness  of  the  g^  or  of  their  derivatives  are 
made;  rather,  the  main  assumption  on  the  g^  is  that  they  be  monotone. 
Uniform  convergence  of  solutions  and  nf  their  derivatives  for  general  initial 
and  boundary  conditions  is  shown?  convergence  rates  are  given  which  show  the 
dependence  on  the  spectrum  of  A  and  on  the  decay  properties  of  the  kernels 

ai* 
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SIGNIFICANCE  AND  EXPLANATION 


Integro-differential  equations  arise  in  the  description  of  feed-back 

'r-' 

control  systems,  where  the  control  variables  are  derived  from  "f iltered* 
observations  of  the  state  or  where  the  control  mechanism  possesses  inertia. 


Sf'.i-'J  Jr  ^ 

We  study  a  model  equation  for  a  "distributed"  control  system  (e.g.,  the  state 
varies  over  some  space-like  domain)  which  contains  also  some  diffusion  effects 
and  give  conditions  under  which  the  state  will  tend  to  some  limit,  as  time 
goes  to  infinity,  regardless  of  the  initial  situation.  The  limit  is  shown  to 
satisfy  an  elliptic  differential  equation.  Convergence  rates  are  also  given; 

—i 

they  show  the  "slowing-down"  effect  of  a  slow  control  mechanism  on  the 
convergence  of  the  state  variable.  *Rie  problem  under  study  can  also  be  viewed 
as  a  natural  extension  of  a  type  of  reaction-diffusion  equation  that  has 
received  wide  attention  in  the  literature.  , 
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STABILIZATION  OF  SOLUTIONS  FOR  A  CLASS  OF  PARABOLIC  INTEGRO-DIFFERENTIAI,  EQUATIONS 


Hans  Engler 


1.  Introduction 

The  purpose  of  this  article  is  a  study  of  the  asymptotic  behavior  of  solutions  of 
seaiilinear  parabolic  integro-dif ferential  equations 

t 

(1.1)  3  u(x,t)  -  A  u(x,t)  +  /  g(t  -  s,x,u(x,s> )ds  -  f(x,t) 

e  X  0 

in  a  semi-infinite  time-space  cylinder  fi  *  (0,“).  Here  ft  is  a  domain  in  R0,  A^  is 
the  Laplacian,  and  g  1s  a  real-valued  function,  typically  of  a  "semi-separable" 
structure 

N 

(1.2)  g(s,x,u)  »  l  a.(s,x)  •  k^x.u)  . 

The  precise  assumptions  are  stated  in  Section  2.  Equation  (1.1)  (with  g  as  in 

(1.2) )  can  be  obtained  from  the  system  of  parabolic  and  ordinary  differential  equations 

(1.3)  3fcu(x,t)  -  A^u(x,t)  “  bT(x)  •  V(x,t)  , 

(1.4)  T— ■  V( x, t)  ♦  A(x)V(x,t)  »  k( x, u( x, t ) ) 

flt 

♦ 

which  models  a  feed-back  control  system,  where  the  vector  V  of  controls  depends  on  the 
state  variable  u  through  a  control  mechanism  with  inertia  (expressed  by  the  matrix 
differential  equation  (1.4));  see  (12)  for  detailed  discussions  of  the  corresponding 
ordinary  differential  equation  and  [14).  He  want  to  consider  (1.1)  as  a  natural  extension 
of  the  semilinear  parabolic  equation 

(1.5)  3tu(x,t)  -  A^utx.t)  ♦  g(x,u(x,t))  -  f(x,t). 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041.  Supported  by 
Deutsche  Forschungsgeineinschaft. 


For  (1.S)  with  t-independent  Dirichlet-boundary  data  it  la  well-known  that  for  g 
3  — 

satisfying  —  g(x,u)  >  0  the  solution  u( • )  converges  to  a  steady  state  solution  u 
o  u  00 

of 

(1.6)  -A  u#(x)  +  g(x,u#(x))  =  lim  f(x,t)  , 

x  t— 


if  the  right-hand  side  limit  exists.  Moreover,  if,  e.g.,  f  is  t-independent ,  then 


(1.7)  lu(-,t)  -  uj*)l  <  C  •  e 

for  some  appropriate  norm  1*1,  where  X^  >  0  is  the  principal  eigenvalue  of  -A^. 

A  quick  proof  of  this  fact  (assuming  the  necessary  regularity  for  u  and  f  to  be 
t-independent)  consists  in  differentiating  (1.S)  with  respect  to  t  and  multiplying  the 


2V 

result  with  e 


(1.8) 


3tu(*,t).  After  integrating  over  (1  *  [0,tl 

2X  t  t  21  s 

e  •  13  u(*,t)l  -  /  e  •  X-  •  13  u(  • 

%  L  0  0  t 

t  2X  s  21 

♦  /  e  IV  3  uC.sll  da  <  ~  13  u( • ,0 ) 1 2 
0  L  L 


this  gives  the  estimate 

,.2  ^ 

,s)l  2ds 


from  which  the  estimate 

-X  t 

(1.9)  I3tu(*,t)l  3  <  C  •  e 


follows  by  the  variational  characterization  of  X^, 

/  IV  w|2  >  X  •  /  |w|2  for  all  w  e  w’'2(SJ)  . 

u  *  u  n  u 

2 

The  estimate  (1.7)  then  follows  (with  the  L  -norm).  We  want  to  study  the  same  questions 
for  the  equation  (1.1): 

a)  What  are  conditions  on  g  that  guarantee  the  convergence  of  u  to  some  limit  u,,,? 

b)  What  are  the  convergence  rates? 


We  are  also  going  to  use  the  same  approach  as  sketched  above 


A  few  remarks  are  In  order  to  indicate  what  results  one  can  expect  and  under  which 
conditions • 

(i)  The  equation  for  the  limit  ua  should  be 

OS 

(1.10)  -A  u ♦  /  g(s,x,u_(x) )ds  «  lim  f(x,t)  , 

*  0  t+» 

and  we  would  expect  to  get  convergence  for  any  boundary  data  for  which  (1.10)  has  a 
solution.  Also,  if  we  want  to  deduce  estimates  like  (1.7)  (which  imply  convergence  for 
any  initial  data),  then  the  limit  equation  (1.10)  should  have  a  (unique)  globally  stable 
solution,  and  of  course  the  integral  in  (1.10)  should  converge;  i.e.  g(s,u)  should 
became  ’small*  as  s  goes  to  infinity.  If  we  assume  instead  that 

g(*,x,u)  *  lim  g(t,x,u) 

is  not  identically  zero,  then  we  would  only  expect  a  solution  u^  to  exist  if 
additionally  (at  least) 

g(-,x,u(x))fSQ  ;  0 

for  the  boundary  data  u.  We  shall  not  deal  with  the  case  g(«,*,*)  4  0  here. 

(ii)  In  the  case  of  "small*  perturbations,  e.g. 

•  , 

(1.11)  /  e  *  •  sup  |3ug(s,x,u) Ids  <  Xg 

0  x,u 

for  some  S  >  0,  stability  of  the  steady  state  solution  u^  (from  (1.10))  has  been  shown 
in  various  settings  (see,  e.g.,  [5]).  This  would  correspond  to  the  condition 

(1.12)  sup  |3ug(x,u)|  <  XQ 

x,u 

for  the  equation  (1.5);  we  shall  here  look  for  conditions  that  generalize  the  sign 
condition  S^gtx.u)  >  0. 


(iii)  We  now  look  at  the  special  case 


(1.13)  g(s,x,u)  •»  a(s)  •  (L  •  u  ♦  M) 
with  L  »  0,  NCR,  a ( - )  some  kernel. 

Taking  M  »  0,  L  >  X^,  and  (formally)  a  “  6^,  (6-distribution  with  unit  mass  at 
t  -  T),  we  see  that  a  solution  of  the  form 

(1.14)  u(x,t)  •  cos(uit)  *  $g(>) 
of  (1.1),  vis.  of 


3.u(x,t)  -  4  u(x,t)  ♦  L 
t  x 

exists  on  the  whole  real  line,  if 


(1.15) 


u 

T 


1  \ 

-  arc  tanlT— J  , 

iii  0 


u(x,t  -  T) 


0 


where  4g  is  the  normalized  eigenfunction  of  (-4^ )  for  the  eigenvalue  X  ^ .  This 
phenoaienon  of  'oscillations  (i.e.  instability)  introduced  by  delays*  is  well-known  and 
will  persist  if  we  approximate  *  ”  ST  by  ae  "  E  1  *  1  [t  t+e ]  toT  Boa>*  s"*11  E»  of . 

(4) .  We  shall  exclude  these  "Hopf-bif urcation*  type  phenomena  by  Introducing  certain 
assumptions  on  the  kernel  a(>)  (convexity). 

(lv)  Taking  L  »  0,  H  )  0  arbitrary,  a(a)  ■  «  °"  in  (1.13),  the  resulting  linear 
equation  (1.1)  can  be  solved  'explicitly*  for  zero  Dirichlet  boundary  data  by  means  of  the 

'variation-of-constants*  formula  (fundamental  solution),  cf.  [7).  As  a  result,  the 

-Bt 

solution  will  converge  to  the  limit  u^  at  the  rate  e  ,  where  B  “  min(a,XQ) .  Hence 
we  expect  the  convergence  rate  for  general  equations  (1.1)  to  be  not  better  than  the  decay 
properties  of  the  kernel  functions  appearing  in  (1.2),  or  of  some  related  quantities 
derived  for  the  function  g. 

(v)  Finally,  if  g(x,u)  “  L  •  u  in  (1.5),  then  (for  L  >  -X  )  the  convergence  rate  of 

-(L+X  )t 

solutions  will  be  improved,  namely  lu(*,t)  -  usl  will  be  of  the  order  e  .  That 

a  similar  phenomenon  can  not  be  expected  for  equations  of  the  type  (1.1),  can  be  seen  by 

looking  at  the  case  (1.13)  again,  with  a(s)  “  e  **,  M  -  0.  Let  ♦  (•)  be  an 

n 


convergence  and  existence  results  require  the  adaptation  of  a  standard  "bootstrapping" 
technique  to  prove  regularity  and  boundedness •  Sections  2  and  3  only  deal  with  the  case 
that  g  in  (1.1)  does  not  depend  on  x. 

In  Section  4  we  indicate  how  to  extend  the  results  to  arbitrary  time- independent 
Oirichlet  boundary  data  and  to  x-dependent  nonlinearities  g.  We  also  indicate  how  to 
Include  Bore  general  elliptic  operators  instead  of  the  Iaplacian.  In  ttieorem  9,  we  state 
a  result  that  covers  the  case  of  ( inhomogeneous,  time-dependent)  boundary  data  of  the 
third  type, 

(1.22)  3vu(x,t)  ♦  a(x)u(x,t)  »  fj(x,t)  (x  e  3(1)  , 

where  3y  denotes  the  outer  normal  derivative.  In  Theorem  10,  we  give  conditions  that 
imply  the  same  convergence  results  for  solutions  of  equations  of  higher  order, 

t 

(1.23)  3  u(x,t)  ♦  (-A  )"u(x,t)  ♦  /  g(t  -  s,u(x,s))ds  “  f(x,t), 

*  X  0 

m  >  1  some  integer.  We  conclude  with  some  remarks  about  systems  and  equations  of  higher 
order  with  nonlinear  differential  operators  under  the  integral  and  with  open  questions. 

It  is  a  pleasure  to  acknowledge  the  hospitality  and  the  stimulating  atmosphere  at  the 
Mathematics  Research  Center,  University  of  Wisconsin-Madiaon,  and  at  the  Department  of 
Mathematics,  Northwestern  University,  Evanston,  where  the  author  was  a  visitor  while  this 


work  was  prepared 


2.  Statement  of  Main  Results 


In  this  section  we  study  the  parabolic  integrodifferential  equation 

t 

(2.1)  3  u(x,t)  -  A  u(x,t)  +  /  g(t  -  s,u(x,s))ds  =  f(x,t)  (x  e  ft,  t  e  (0,“)> 

*  x  0 

with  initial  and  boundary  conditions 

(2.2)  u(x,0)  »  U(j(x)  (x  e  (5) 

(2.3)  u(x,t)  i  0  (x  e  30,  0  <  t  <  »)  . 

Here  SI  C  tf1  is  a  bounded  open  domain  with  smooth  boundary  3S)  (locally,  3S1  should  be 

2-fa 

the  graph  of  a  C  -function,  a  >  o ) j 

n  32 

A  *■  J  — r  is  the  Laplacian  , 
x  i-1  3x^ 

and 

g  !  (0,«)  *  K  *  R 

is  a  given  function  which  is  (at  least)  continuous  in  both  variables.  The  data  uQ  and 
f  are  given  functions  on  SI  resp.  on  SJ  x  [0,*). 

we  are  Interested  in  solutions  u  which  are  in 

(2.4)  LP(0.T,W2'P(S)))  O  W,'P(tO,T],LP(S))> 

for  all  1  <  p  <  •  and  all  T  >  0.  Such  solutions  wil’.  be  continuous  together  with  their 
first  x-derivatives  on  S)  x  [0,T]  (see  (10J). 

For  later  convenience  we  define 

u 

(2.5)  G(s,u)  -  /  g( s ,r ) dr  for  u  e  R,  8  >  0  . 

0 

After  possibly  changing  the  right-hand  side  f,  we  can  assume  that 

(2.6)  g(s,0)  “  0  for  all  s  . 

The  assumptions  on  uQ  and  f  are 


(2.7) 


( 2.8) 

(2.9) 
for  all 

(2.10) 
(2.11) 
(2.12) 
(2.13) 


u0  e  w2'“(n>  , 
u„  e  wj'2tn)  , 

f  e  iT(n  «  (0,t)),  atf  e  lNo.tjl2^))  , 
T  >  0.  For  g  and  G,  we  shall  use  the  assumptions 
u  **  G(s,u)  is  convex  for  all  s  , 
u  •»  -G’(s,u)  exists  and  is  convex  for  all  s  , 
(s,u)  g'(s.u)  is  continuous  , 

g( s ,u)  >0,  as  s  ♦  •,  for  all  u  . 


Here 


similarly 
for  (-Ax) 


g"(s,u) 
on  R 


G'  (s.u)  “  t—  G(s,u) 

«  — —  g(s,u)  etc.  Finally,  let  1. 

3*Z  J 

with  zero  Dirichlet  boundary  data. 


denote  the  principal  eigenvalue 


Theorem  1 i  Let  u  be  a  solution  of  (2.1)-{2.3)  in  the  sense  described  above,  and  let 
Uq  and  f  satisfy  <2.7)-(2.9)  and  g  reap.  G  satisfy  (2.5),  (2.6),  (2. 10 )-( 2. 13 ) . 
Assume  that  there  exists  a  k  >  0,  such  that  for  all  u,  g‘(',u)  is  absolutely 
continuous  and  for  almost  all  s 

(2.14)  u  g"(s,u)  +  x  •  g'(s,u)  is  non-decreasing  . 


Then 

(2.15) 

(2.16) 


/  |3tu(«,t)|2dx  •  b(t)  <  C0(u0,f)  for  a.e.  t,  t  <  T  , 


b(t) 


/  /  |V  3  uC.tJTdx  •  — 

0  ft  x  c  (log  b(t)  +  1) 


u*  dt  <  Wf) 


for  every  T  and  every  6  >  0. 

Here 

(2.17)  b(t)  “  exp(t  •  min(x,2  •  1Q))  , 

where  CQ  (reap.  C ^ )  depend  on  R  and  on 


-9- 


(2.18) 


T  , 

,un'  ,  ,  *  /  </  •  b(t)>  '2  dt 

0  W2,2(fl)  0  a 

(resp.  additionally  on  4  >  0). 


Theorem  2:  Let  u,u0,f,g  satisfy  (2.1)-(2.3),  ( 2 . 5 )- ( 2 . 12 ) .  Assume  that  for  all  b  >  0, 
u  such  that  g(0,u)  +  g(0,u  +  h) 

(2.19)  s  "  log(g(s,u  ♦  h)  -  g(s.u))  exists  for  all  s  and  is  convex  » 

and  define 


(2.20)  -<(s)  -  supl3"^^  *  hj  '--g(T^~  I  •»  >  °»  “  e  ■<  g(».u  ♦  h)  +  g(s,u) } 


Then 

(2.21) 


1  |3tu(*, t)|2  •  b(t)  <  c0(u0,f)  for  a.e.  t  <  T  , 


(2.22) 


/  /  I’  3  uC.t)|2dx  •  - - — r  dt  <  C.(u.,f ) 

0  (1  (log  b(t)  +  1) 


for  every  T  >  0,  6  >  0. 
Here, 


(2.23) 


b(t)  -  exp(/  min{x(s>,2  •  A  }ds)  , 
0 


and  Cq ,  C&  depend  on  the  same  quantity  (2.18)  (and  additionally  on  6  >  0)  as  the 
constants  in  Theorem  1 . 

To  illustrate  the  conditions  (2.10),  (2.11)  and  (2.14)  reap.  (2.19),  we  consider  the 
examples 

(2.24)  g(t,u)  -  Sq (t)  •  g„(u) 

and 


-10- 


(2.25) 


N 

g(t,u)  “  £  a^tt)  •  g^tu)  . 

i«1 


Let  us  assume  that  ag(0)  =  1  =  a^(0)  (1  <  i  <  N).  Then  (2.10)  and  (2.13)  held  If 


(2.26) 

(2.27) 


aQ(s)  >  0  , 

a0(a)  *  0,  as  s  *  »  , 


gg  is  monotone  non-decreasing 
resp.  if  (2.26)  and  (2.27)  hold  for  all  a^  and 
additionally 


V 


The  property  (2.11)  will  hold  if 


(2.28)  aj(s)  <  0  resp.  a*(s)  <0  <0  <  s  <  T>  for  all  1  , 

and  property  (2.14)  is  implied  by 

(2.29)  ag ( s)  +  K  •  aj(s)  >0  (s  >  0) 


resp. 

(2.30)  aj(s)  +  *  •  a[(s)  >0  (■  >  0,  1  <  i  <  N)  . 

Finally,  for  g  of  the  structure  (2.24),  the  assumption  (2.19)  means 

(2.31)  log  4g(*l  convex  on  [0,“)  , 

and  (2.20)  amounts  to 


(2.32) 


Ms) 


-ao(B) 

V") 


- ( log  aQ ( 3 ) ) 1  , 


such  that  in  (2*23) 

(2.33)  b(t)  -  --f-j  ,  if  aj(s>  ♦  21^(8)  >  0  for  all  s  , 

2X0t 

resp.  b(t)  »  e  on  the  interval  where  ag  ♦  21g8g  <  0. 

Similarly,  if  g  has  the  form  (2.25),  then  the  assumption  (2.19)  holds  if 

(2.34)  log  a^t*)  is  convex  on  [0,«)  for  all  i  , 
and  in  (2.20)  we  can  take 

-a' <s) 

(2.35)  Ms)  “  min  ~~7~T  » 

1<i<K  V8’ 


-11 


such  that  In  (2.23) 


(2.36)  b(t)  »  min  — r~r  , 

1<i(N  “l(t) 

if  a|(s)  +  2XqS^(s)  >  0  for  all  s  and  some  i,  with  the  obvious  modification 

2V 

(2.37)  b(t)  =■  e 

if  on  some  interval  (O.tgl  a|(t)  +  21Qai(t)  <  0  for  all  i. 

Conditions  (2.29)  reap.  (2.30)  show  further  that  in  Theorem  1  g  could  be  of  the 

structure  (2.24)  with  some  of  the  a^  possessing  bounded  support,  a  possibility  that  is 

-m. 

excluded  by  (2.34),  whereas  in  Theorem  2  some  of  the  a^  could  decay  like  t  ,  which 
does  not  give  a  T-independent  constant  <  in  (2.14)  of  Theorem  1.  In  the  typical  case 
where  all  the  a^  are  decaying  exponentials,  both  results  apply  and  give  the  same 
formula . 

From  the  estimates  (2.16)  reap.  (2.22)  we  get  some  information  on  the  asymptotic 
behavior  of  solutions. 

Corollary  3;  Let  u  be  a  solution  of  (2. 1)— (2.3)  on  (1  x  [0,«),  and  1st  all  the 
assumptions  of  Theorem  1  hold.  Further  assume  that  the  space  dimension  n  is  equal  to  1 
or  that 

(2.38)  |g(0,u) |  <  C  •  (lul*  +  1)  for  all  u  e  R 

with  some  C  >  0,  some  q  >  0,  if  n  -  2,  and  0  <  q  <  —  ,  if  n  >  3,  and  thst 

n  —  2 

oo  . 

(2.39)  /  (/  |3  f(x,t)|2dx  •  b(t) )  ^dt  <  •  , 

on' 

(2.40)  ess  sup  |f (x,t) |  <  • 

n*to,«) 

with  b(*)  as  in  (2.17).  Then 
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are  finite  for  all  v  e  R,  since  (2.13),  (2.14)  imply  that 

(2.48)  s  ♦  <G*(s,u)  +  *G(s,u> ) 

is  increasing  for  all  u  and  vanishes  for  s  ♦  *•  Wiua  G'(s,u)  +  ic  *  G(s,u)  <  0,  and 

(2.49)  0  <  e^GIs.u)  <  G( 0, u) 

for  all  s  and  u,  which  proves  the  existence  of  the  first  integral  in  (2.47).  TTie 
existence  of  the  second  integral  in  (2.47)  follows  with  a  similar  argument. 

Standard  theory  then  shows  that  the  solution  u^  of  the  Euler  equation  (2.42)  for 
the  problem  (2.46)  exists,  is  unique  and  is  in  the  class  (""")  W^'^(ll)  (cf.  [11]):  We 

p<- 

only  have  to  note  that 


v  •*  /  g(s,v)ds 
0 


inherits  the  monotonicity  from  the  g(s,u). 


Corollary  4:  Let  u  be  a  solution  of  (2. 1)  —  (2.3)  on  (1  x  [0,“),  and  let  all  the 
assumptions  of  Theorem  2  hold.  Further  assume  the  growth  conditions  (2.38)  and  the 
boundedness  assumptions  (2.39)  and  (2.40)  of  Corollary  4,  with  b(*)  given  by 

t 

(2.50)  b(t)  =  exp (/  min{x(s),2  •  l0)ds) 

0 


and  x  as  in  (2.20).  Finally  let 


(2.51) 


[  ( log  b( b) 

0  b(«> 


+  1 ) 


.1+5 


ds  < 


for  some  6  >  0.  Then 

u( •  ,t)  ♦  u^ 

(2.52)  as  t  ♦  - 

V  u  ( • ,  t )  ♦  V  u„ 
x  x  » 

uniformly  on  (2.  The  function  solves  the  limit  equation  (2.42)  with  boundary 
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condition  (2.43).  Again,  the  conditions  (2.10)  and  (2.11)  guarantee  that 


(2.53)  u  »  f  g(s,u)ds 

0 

exists  and  is  monotone  for  all  u,  due  to 

8 

(2.54)  sign  u  •  g(s,u)  *  |g(s,u)|  <  |g(0#u)t  *  exp( /  -  x(T)dT) 

0 

<  I9(0.U)I  • 

and  the  integrability  of  . 

He  also  note  that  In  the  situation  of  both  corollaries  the  convergence  of  higher 
derivatives  of  (u(*,t)  -  u^t*))  to  zero  can  be  shown,  if  the  right-hand  side  f  and 
g  satisfy  suitable  smoothness  properties.  It  is  enough  to  show  that  sufficiently  high 
derivatives  of  the  solution  will  stay  bounded  and  to  interpolate  with  (2.52). 

We  finally  give  an  existence  result  for  solutions  of  equations  of  the  type  (2.1)- 
(2.3)  which  is  sufficient  to  cover  the  cases  treated  above. 

Theorem  5i  bet  u0,  f,  and  g,  G  satisfy  (2. 5)- (2. 12 ) .  Moreover,  assume  that  G'(*,u) 
is  continuous  for  every  u  and  that 

(2.55)  u  **  G'(s,u)  -  G'(s  +  h,u) 
is  convex  for  every  0  <  s  <  s  ♦  h.  Finally  assume  that 

(2.56)  |g(0,u) |  <  C  •  <|u|q(n)  +1)  for  n  >  2  , 

where  C  is  some  constant,  q(n)  *  ~ - ■—,  if  n  >  3,  and  q(2)  is  some  constant. 

n  ■  2 

Then  (2.1)- (2. 3)  has  a  solution  u  in  the  regularity  class  (2.4)  on  ft  *  (0,T). 

If  g  has  the  structure 

N 

(2.57)  g(s,u)  -  l  ai(s)  •  g^u)  , 

i-1 
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then  Thaorem  5  applies  If  the  g^  are  non-decreasing  and  satisfy  the  growth  condition 
(2.38)  and  if  the  a^  are  positive,  non-increasing  and  convex.  It  is  possible  te  relax 
these  conditions  to 

(2.58)  u»  jjlul  ♦  *  •  u  ii  non-decreasing 
for  sosw  N  >  0, 

(2.59)  aA  e  W1'“((0,T),*) 

at  e  BV(  [0,T]  ,■> 
a1(0)  >  0  . 

It  should  be  noted  that  the  growth  condition  (2.56)  in  Theorea  5  is  slightly  store 
general  than  the  condition  (2.38)  in  Corollaries  3  and  4,  where  the  ‘limiting*  growth 
exponent  is  not  permitted. 

He  finally  give  a  result  for  the  situation  with  less  regular  initial  data. 

Corollary  5.*! 

(i)  bet  all  the  assumptions  of  Theorem  5  be  satisfied,  except  that  uQ ( • )  is  only 

m 

required  to  be  in  L  (Cl).  Then  there  exists  a  weak  solution  u  of  (2.  1  )-(2.3)  on 

a  x  [o.tIj 

(2.60)  u  e  l“(0,T»l’(0))  , 

(2.61)  u  e  bP(e,T;W2'P(S)))  n  w’'P(  [t,T]  ,LP(fl> ) 
for  any  E  >  0. 

(ii)  Let  all  the  assumptions  of  Corollary  3  hold,  except  that  uQ(*)  need  only  be  in 
0» 

L  (0).  Then  all  the  conclusions  of  Corollary  3  hold. 

(ill)  Let  all  the  assumptions  of  Corollary  4  hold,  except  that  uQ(»)  need  only  be  in 

OB 

L  (Cl).  Also,  assume  that 

«D 

(2.62)  /  ■  <  -  , 

0  ✓b(s) 


with  b( • )  defined  as  in  (2.23).  Then  the  conclusions  of  Corollary  4  hold 


In  the  proofs  of  Theorems  1,  2  and  5,  use  will  be  nade  of  the  following  Leona: 


Le—a  6;  Let  h  :  R  ♦  R  be  non-decreasing,  and  let  a,b  :  [0,T]  ♦  ■  be  such  that 

(3.1)  a  is  absolutely  continuous,  a'  <  0  <  a  on  [0,T] 

(3.2)  b  >  0  on  (0,T) 

(3.3)  b  •  a  is  absolutely  continuous 

(3.4)  s  •*  b(s  +  t)  •  a*  (s) ,  s  e  [0,T  -  t) 

is  non-decreasing  for  a.e.  re  (0,T)  . 

Let  v  e  »1,1([0,»],IO,  then  for  0  <  t  <  T 


(3.5) 


A 

f  w*(s)  •  b(s)  •  —  (/  a(s  -  T )h(v(x) )dT)ds 
0  0 

t 

>  a(t)b(t)H( v(t) )  -  a(0 )b(0 )H( v(0 ) )  -  /  (a(s)  •  b(s) ) 'H( v(e) )ds 

0 

t 

-  /  a(o)  •  b(s)  *  H (v(s))ds  , 

0  *■ 


where  ~~  H(r)  ■  h(r). 
ar 

Proof:  We  first  asswe  that  a  e  C2((0,TJ,»),  b  e  c’uo.TJ.H),  and  that  (3.1),  (3.2)  and 

(3.4)  hold.  Then 


(3.6) 


"  J  ° 

/  b(s)  •  v'(s)  •  (/  a( a  -  T)h( v(T> )dT)ds 

0  0 


t 

«  /  b(s)  •  a(0)  •  v'(s)  •  h(v(s))ds  ♦ 


t  s 

♦  /  b(s)  •  v'(s)  •  /  a'(s  -  x)h(v(T))dTds  . 
0  0 


The  first  integral  on  the  right-hand  side  is 


(3.7) 


t 

a (0 ) { ( b( t )H( v( t ) )  -  b( 0 )H ( v( 0 ) ) )  -  /  b* (s)H( v( a) )ds}  . 

0 


The  second  integral  can  be  transformed  to  give 

t  t 

(3.8)  /  /  b(s)a' (s-T )v' (s)ds  h(v(T))dT 

0  T 

t  t 

*  /  (b(t)a' (t-T)v(t)-b(T)a‘ (O)v(t)  -  /  — -  (b(s)a1 (s-t ) )  •  v(s)ds]  • 

0  T  38 

The  monotonicity  of  h  implies  that  this  is 

,  t 

...  >  r  •  /  {H( v( T ) )  -  H( ( 1  +  Xb(T)a* (0) )v( T)  - 

0 

-  Xb(t)a*(t  -  T)v(t)  ♦  X  •  /  ~  (b(s)a' (s  -  t ) ) v( s) ds ) } dr 

for  all  positive  X.  Choose  X  so  small  that 

(3.9)  1  ♦  Xb (T )  •  a' (0 )  >0  (0  <  T  <  t)  . 

Since  also 

(3.10) 

(3.11) 

by  (3.4),  and 

(3.12)  1  +  Xb(T)a‘ (0)  -  Xb(t)a'(t  -  t)  +  X  J  (b(s)a’(s  -  T))ds  -  1 


-b ( t ) a ' (t  -  t)  >0 
t-  (b(s)a'(s  -  T))  >  0 


h(v(T))dt 


the  convexity  of  K  now  implies  that  the  term  in  (3.8)  can  be  further  estimated  by 


(3.13) 


t 

...  >  J  (b(t)a' (t  -  T )H( v( t ) )  -  b(T)a* (O)B(v(T))  - 
0 

t 

-  J  (b(s)a* (a  -  t ) )H( v(») )da}dt  -  b(t)  •  H(v(t))  •  (a(t)  -  a(O)) 
t 

♦  /  ( b* ( s)a(0 )  -  b' ( s)a(a)  -  b(  e)a* ( s) )H( v( a) )ds  . 

0 


Combining  thla  with  (3.7)  we  then  get  the  firat  half  of  (3.5).  The  aecond  half  of  (3.5) 
ia  simply  an  integration  by  parts. 

To  get  the  estimate  (3.5)  for  general  a* a  and  b's,  we  approximate  a,b  by 


smooth  a_,b 
n  fi 

such  that  the  «n,bn  still  satisfy  (3.1)- (3.4)  and 

an(0)  - 

a(0),  bn(0)  «  b(0)  . 

(3.14) 

*  * 

in  O<0, T,«)  . 

bn  *  b 

Then  also 

(3.15) 

<»„  *  V  * 

(a  ■  b)*  in  L^  (0,TjR) 

and 

(3.16) 

( ( s,T )  «•  b  (a)  •  a* (x) ) 
n  n 

♦  b(a)  •  a(x)  in  l’uo.tO.R) 

we  can  thus  pass  to  the  limit  and  get  (3.5)  in  the  general  situation. 


As  a  consequence,  we  get  the 


QED. 


Lemma  7»  Let  g  s  [0,TJ  *  ft  ♦  ■  be  continuous,  g'  be  continuous,  and 
b  :  [0,Tl  ♦  (0,-)  be  absolutely  continuous, 

(3.17)  g(a,u)  and  -g'(s.u)  be  non-decreasing  in  u  for  all  a  , 

(3.18)  a  **  b(e  +  t)  •  (g'(s,u  +  h)  -  g'(s,u))  be  non-decreasing  for 
every  -"•<  u  «  u  ♦  h  <  ■  and  all  t  e  (0,T)  . 

Let  v  e  (0,T)  ,R). 
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Then  for  0  <  t  <  T 


d 

(3.19)  /  vMs)  •  b(s)  •  ~~  (/  g( s  -  T,v(T))dT)ds 

0  aa  0 

t 

>  b(t)G(t,v(t) )  -  b( 0 )G( 0, v( 0 ) )  -  /  G,(s,v(s))ds  , 

0 

where 


(3.20)  G(s,v)  -  /  g(s,r)dr 

0 

and 

(3.21)  G^(s,v)  ■  <b(a)  •  G(s,v))  . 

3  3 

Proof;  We  first  assume  that  g  is  smooth;  i.e.  that  ^  9  continuous. 

(3.17)  is  equivalent  to 

(3.22)  gu(8,u)  >  0  >  g^(e,u>  for  all  s.u  , 
and  (3.18)  is  equivalent  to 

(3.23)  s  »  b(s  +  T)  •  g^(s,u) 

is  non-decreasing  for  every  u  8  R,  T  e  [0,T)  . 

Now  write 


(3.24) 


g(s,u)  «  g(s,0)  ♦  /  g^(s,r>  •  hr(u)dr 


with 


(3.25)  hr(v)  - 


Each  hr(*)  is  non-decreasing,  and 


-1,  v  «  r  <  0 
1,  0  <  r  <  v 

0  for  all  other  r,v  . 
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Then 


r  -  v, 


v  <  r  <  0 


(3.26) 


v 

Hr(v)  -  /  hrU)dz 
0 


r,  0  <  r  <  v 


[  0  for  all  other  r,v  . 

Inserting  the  representation  (3.24)  Into  the  left-hand  side  of  (3.19)  and  using  Lemma  6 
for  every  term  then  gives 


(3.27)  /  v*  (s)  •  b(s)  •  (/  g(s  -  T,»(t|)dr)i)s 

0  0 

•H* 

>  /  {b(t)gu(t,r)  •  Hr(v(t))  -  b(0)gu(0,r)  •  Hr(v(0))  - 

-  J  ~  (b(s)g  (s,r))H  <v(s))ds}dr 
0  ds  u  r 

+  b(t)g( t ,0) v( t)  -  b(0 )g( 0,0 ) v( 0 )  -  /  (b(s)g(s,0) )v(s)ds  . 

ft  OS 


An  integration  by  parts  then  gives  the  estimate  (3.19). 

If  g*  is  only  continuous,  then  the  approximation 

1  U+E 

ge(s,u)  “  2e”  /  g(s,r)dr 
U-E 


gives  a  smooth  g£  for  which  the  estimate  (3.19)  holds.  The  passage  to  the  limit  as 
e  ♦  0  is  straightforwardi  thus  (3.19)  holds  in  the  general  situation. 


QED. 


Proof  of  Theorems  1  and  2: 

(1)  Let  b  :  [0,T]  +  •  be  any  absolutely  continuous  function.  Define  the  backward 
difference  operator 


if  k 
b(t)  • 


dhk(t) 

<  [0,TJ  ♦  *  is  measurable 
d^^t)  (for  h  <  t  <  t) 


k(t)  -  k(t  -  h) 


for  h  <  t  <  T  , 


We  apply  d^  to  the  equation  (2.1),  multiply  with 
and  integrate  the  resulting  quantity  over  ft  »  (h,t) . 


-21- 


After  an  integration  by  parts,  this  gives  the  identity 

(3.28)  ~  J  |dhu(*,t)|2  •  b(t)  ~  J  J  |d^u(*,h) |2  •  b(h) 


-  J  I  I  Id.  u(*,s)|  •  b'  (s)ds  *!  I  I V  d.  u(  •  ,s)  |  *  •  b(s)ds 

Ss  hn 


t 

+  /  /  d  u( • , s)  •  b(s) 
hi) 


<S.  < /  g(e  -  T,u(  •  ,T)  )dx)ds  “ 


t 

*  /  /  d^ul'.s)  •  b(s)  •  d^ft'.sjds  . 


Since 


t 

t  •*  /  g(t  -  s,u(*,s)ds  *■  f(»,t) 
0 


11  2 

is  in  W  '  ( ( 0 , T] , L  (Q))  by  assumption,  we  can  send  h  to  0  in  (3.28)  and  obtain 


.  J.  W  ry 

(3.29)  ~  f  |u  (*,t)|2  •  b(t)  -  /  /  IV  u  (*,s)|  •  b(s)ds 

2  n  on* 

t  d  S 

+  J  /  u  (• ,s)  •  b(s)  •  —  (J  g(s  -  T,u( • ,T) ) dx ) ds  » 

on  8  o 


=  ~  •  {/  |  A  u_  +  fC,0)|2  •  b(0)  +  /  /  |u  ( •  ,s)  | 2  •  b'  (s)ds) 

n  *  0  on 


t 

♦  /  /  u  (•  ,s)  •  b(s)  •  f  ('.aids  , 

on 


where  the  index  t  denotes  partial  differentiation  with  respect  to  t.  Note  that  a 

differentiation  of  (2.1)  with  respect  to  t  shows  that  in  fact  (and  hence  A^u)  are 

2 

continuous  from  [0,T]  with  values  in  L  (n)  (cf.  110)). 

(il)  We  next  choose  b  such  that  the  third  integral  on  the  left  hand  side  of  (3.29)  can 
be  estimated.  In  the  situation  of  Theorem  1,  take 
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(3.30) 


b(t)  “  exp{min{x,  2X0}  •  fej 
as  In  (2.17)  (with  x  >  0  as  in  (2.14)).  Than  (2.10),  (2.11)  and  (2.12)  show  that  (3.17) 
holds.  Also,  (2.14)  together  with  this  choice  of  b  implies  that  (3.18)  holds.  Thus 
Lemma  7  allows  to  estimate 

t  .8 

(3.31)  /  u  <x,s)  •  b( s )  •  j-  (/  g(s  -  T ,u(x,T )dr)da  > 

0  8  0 

t 

>  b(t)G(t,u(x,t) )  -  b(G )G(0, u( x,0 ) )  -  /  (s, u( x, s) Ida 

0 

for  a.e.  x  e  a,  G^s.v)  -  ~  (b(s)  •  G(s,v)>  »  eKS  •  (x  •  G(s,v)  *  G'(s,v)), 
x  -  min{x,210).  Again,  (2.11)  and  (2.14)  imply  that 

eKB  •  (G'(a,v)  +  KG(s,v>)  <  0  , 
and  from  (3.19)  we  get  that  finally 

t  a 

(3.32)  /  u (x,s)b(s)  •  —  (/  g(s  -  T ,u( x,T ) )dt Ids  >  -G(0,u(x,0)) 

0  *  8  0 


for  a.e.  x  e  8. 

Inserting  this  into  (3.29)  gives  together  with  Poincare's  inequality 

(3.33)  /  lu  (*,t)|2  •  b(t)  <2  /  G(0 ,u( • ,0) )  + 

a  C  8 

♦  2  •  /  (|A  uC,0)|2  +  (fC,0)|2)  ♦  2  /  (/  I  u  ( * ,  s )  1 2  •  b(s) )  ^  • 

a  x  o  a  c 

*  </  |f-.(',s)|2  '  *><*))  ^  ds  . 

a  z 

An  application  of  a  version  of  Gronwall's  Lemma  ((2))  then  results  in  the  estimate  (2. IS). 
Inserting  this  estimate  back  into  (3.29)  we  arrive  at 


T 
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(3.34) 


b* (a)da 


t  ,  .  t 

/  /  I?  u  (•,s)|  •  b(s)ds  <  C(u0,f)  *  ~  S  ! 

on  o  a  * 

<  C(uQ,f)  •  (l  1-  j  I  da)  -  C(u0,f)  •  (1  ♦  ~  log  b(t>) 

0 

for  all  t.  Applying  Lemaa  8  below  gives  the  estimate  (2.16),  and  the  proof  of  Theorea  1 
Is  complete. 

(ill)  To  prove  Theorea  2,  we  take 

t 

b(t)  ”  exp(/  min{>c(s)  ,2X  }da) 

0 

as  In  (2.23),  with  x(»)  as  In  (2.20).  He  then  have  to  check  whether  (3.18)  holds  with 
this  choice  of  b(*).  Thus  let  -m<u<u+h<~  and  consider  (for  T  >  0  fixed) 

(3.35)  s  *♦  b(a  *  T)  •  ( g'  (s,u  +  h)  -  g'  (s,u))  . 

From  (2.19)  we  infer  that  this  function  is  identically  zero  (iff  g(0,u)  •  g(0,u  ♦  h) )  or 
has  bounded  variation.  Its  derivative  (as  a  measure)  is 

b*(s  ♦  t)  •  (g'(s,u  +  h)  -  g'(s,u))  *  b(s  ♦  x)  •  (g"(a,u  ♦  h)  -  g’(s,u))  , 
and  this  will  be  non-negative  iff 

(3.36)  (g"(s,u  ♦  h)  -  g-(s.u))  >  Ig'ls.u)  -  g'(s,u  ♦  h))(^|~~-~ )  . 

How  -log  b  is  convex  (since  *(•)  is  decreasing),  and  it  is  enough  to  verify  (3.18)  for 
x  -  0  or 

(3.37)  (g*(s,u  ♦  h)  -  g-(s,u))  >  (gMs.u)  -  g*(s,u  ♦  h))(x(s))  . 

Recalling  the  definition  of  k(«),  it  is  obvious  that  (3.37)  is  implied  by  the  log- 
convexity  assumed  in  (2.19). 

He  thus  get  the  estimate  (3.31)  as  in  the  proof  of  Theorea  1.  Also, 

(3.38)  ~~  (b(s)  •  G(s,v) )  <  0 

am 

or  equivalently 

(3.39)  ‘  G(s,v)  4  -G '  (S  ,v)  , 

b(  s ) 

which  is  implied  by 


-24- 


(3.40) 


b’(s) 
b  (  8 ) 


if  g(s,v)  +  0  , 


.  if  gfs.v)  +  0  . 

g(s,v) 

and  this  follows  from  (2.20)  and  (2.23). 

Continuing  as  above,  the  estimate  (3.33)  implies  the  first  assertion  (2.15)  of 
Theorem  2,  and  (3.34)  together  with  Lemma  8  implies  (2.16),  which  completes  the  proof  of 
Theorem  2. 

QED. 

T _ ,  a.  Let  k  s  10,®)  ♦  [0,-),  b  :  (0,-)  ♦  (1,-)  be  functions,  let  b  be  non- 

decreasing,  and  assume  that  for  every  t  >  0 


/  Ms)  •  blslds  <  CQ  •  (1  +  log  b(  t ) ) 
0 


for  some  C0  >  0.  Then  for  every  6  >  0  there  exists  some  K(5)  >  0  such  that 


(3.42) 


/  V(s)  *  b(s)  *  <1  +  log  b( s) )  ds  <  K(6)  •  C„ 
0 


Proof;  If  b  is  bounded,  the  assertion  is  clear.  Otherwise  define 


(3.43)  -  0  , 

o.44)  t1+1  -  suP{ 1 1  ]  *  < 2)  for  1  > 0  • 

Without  loss  of  generality  1  +  log  b(ti+1)  «  2  •  (1  +  log  blt^))  for  all  1. 
Now  if  t  >  0,  such  that  t^  >  t,  and  5  >  0, 


*i*i  -  1  fH^-b-rrr 4  2)  for  1  >  0  • 


t  -i_i 

/  k(s)  •  b(s)  •  (1  +  log  b(rf)>  ds  < 

0 

1-1  Vi  -1-6 

<  l  j  k( s)b(s) ( 1  +  log  b( s) )  ds  < 
j-0  t. 


<  l  (1  +  log  b(t  ))  •  Cfl  •  (1  ♦  log  b( t f ) ) 

j-0 

y  i  ♦  i°q  b<Sai> 

C°  j-0  (1  ♦  log  b<tJ>),*< 


•- 


i 


r 

i 


and  the  Infinite  series  converges  because 


1  +  log  b( t >  (1  +  log  bft^)) 


1+« 


(1  +  log  bft^J 


lei 


(1  +  log  btt^l) 


-  2-{  <  1  . 


QED. 

The  exanple  b(s)  «  e8  ”  k(s)  1  shows  that  (3.42)  does  not  hold  for  i  ■  0. 

Thanhs  are  due  to  Bob  Pego  for  suggesting  the  argument  of  this  Lemma. 

Proof  of  Corollaries  3  and  4i  Let  Ap  be  the  Laplacian  in  LP(ft)  with  sero  Dlrichlet 


boundary  condition  and  its  natural  domain  of  definition  D(Ap)  »  W2'p(0)  n  Wg''(il) 

D 

(1  <  p  <  •>),  and  let  *sp(t**t<o  **  the  »nalytic  semigroup  generated  by  Ap  in  LMO) 
(see  [7J).  It  is  well-known  that 


.M, 


(3.45) 


( 3.46) 


lAas  ( t ) wl  <  C(p,a)  •  (-i-  +  l) 


-A.t 


P  P 


LP(JJ) 


twl 


t 

a  .  1-e 


LP(0) 


Ivl  <  C  •  lA"vl  '  "  *  Ivl  , 

C  (5)  P  LP(A)  W  ,2(fl) 


if  W  e  lp(A),  V  e  d(a“),  t  >  0,  a  >  0,  such  that 


(3.47) 


(3.48) 


p  •  (4a  -  2 )  -  2n 

n  *  e  <  ■■  - 1  — . . . 

p  ■  (n  *  4a  -  2)  -2n 


Here,  A  is  the  fractional  power,  defined  as  usually, 
P 


(3.49) 


\  -  (rfer  L 


Then  the  solution  u  of  (2e1)-(2.3)  can  be  written  as 


(3.50) 


u(t)  «  S  (t)u0  ♦  /  S  (t  ”  s)f(s)ds  +  /  S  (t  -  s)  /  g(s  -  t  ,  u(  t  ) )  dr  ds 

P  0  P  0  P  0 


u.,(t) 


u2<t)  ' 


where  the  argument  x  haa  been  omitted  for  convenience.  We  want  to  show  that  for 
sufficiently  large  a,p  (such  that  (3.47),  (3.48)  hold  with  e  >  0) 


(3.51) 


lAau(t)l 


LP(fl) 


<  C  for  all  t  >  0 


Once  (3.51)  has  been  shown,  it  follows  from  the  results  of  Theorems  1  and  2  and  from 
(3.46)  that  for  any  0  <  s,  t  <  " 


(3.52) 


lu(s)  -  u(t)l  <  C  •  lu(s)  -  u(t)l 

C  (fl)  W  ,2<fl) 


<  C  •  if  V  u  (T)dTl£, 
x  t  2 

s  L 


1+6 


<  c  •  (/  a.)  .  .  . 


as  s,t  ♦  ",  which  will  prove  (2.41)  resp.  (2.52). 

We  proceed  to  show  that  (3.51)  holds,  by  deriving  the  estimate  for  u,  and  u2 

separately.  The  estimate  for  u.,  follows  from  the  regularity  assumptions  (2.7),  (2.8) 
a 

(which  implies  u.  e  D(A  )  for  all  a  4  1  and  all  p  <  «) ,  from  the  uniform  boundedness 
u  P 

of  lf(-)l  on  [0,«),  and  from  the  property  (3.45). 

LP(«) 

Next  we  note  that  the  W  '  -estimate  (2.16)  for  and  the  integrabillty  condition 

(2.51)  (resp.  the  definition  of  b)  imply  that 


(3.53) 


sup  lu(  •  ,t)  I  4  C  <  " 

04t  w',z(n) 


If  ft  is  an  interval,  this  implies  that  u  is  essentially  bounded,  and  the  property 

1 


(3.54) 

show  that  for  all  x  and  t 


lg(s,u)  |  4  ~~  .  |g(0,u)l 
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t  » 

l/  g(t  -  s,u(x,s))ds|  <  C  •  /  <  “  . 

0  0 

The  bound  (3.51)  then  follows  for  u2  as  it  followed  for  u^. 

a 

If  the  space  dimension  is  bigger  than  one,  (3.53)  still  holds.  He  apply  to  both 

sides  of  the  equation  that  defines  u2  (a  <  1  to  be  chosen  later,  but  big  enough  such 

that  (3.47)  and  (3.48)  hold)  and  write 

(3.55)  w(t)  »  ess  sup  IAau(s)l 

0<s<t  P  LP(0) 


for  short.  Then  (3.45)  and  (3.54)  give  the  integral  inequality 


t  -X  (t-s)  s 

(3.56)  w(t)  <  /  c(p,a)  •  ( ( t  -  s)  +  1)  •  e  •  /  — - —  lg(0,u(t))l  dTds 

bis  -  T)  p 


t 

«  /  B(t  -  s)  lg(0,u(s)  )■  ds 
0  LP 


with  some  B  e  L1(0,“).  If  n  >  2,  then  by  (2.38)  for  some  q 

(3.57)  lg(0,u(s))l  <  C  *  O  ♦  lu(s)lq  )  , 

LP((J)  LP  q(0) 


and  for  n  »  2 

(3.58) 


lg(  0,  u(  s) )  I  <  C  •  (1  +  lu(s)lM  )  , 

LP<8)  W  '  (fl> 


1>o>(q-1)»  ,  q  as  in  (2.38), 


since  the  imbedding  W 1 ' 2 ( Q )  ♦  LP  q(fl)  is  bounded.  Thus  w( • )  is  uniformly  bounded  also 
in  the  case  n  “  2  which  proves  (3.51)  again.  Finally,  if  n  >  3,  we  pick  a  such  that 

(3.59) 

and  r  <  •  such  that 

(3.60) 

Then  from  a  standard  calculus  inequality  (see  [7]) 

(3.61) 


-  -  (q  -  1) 
P 


n  -  2  __1__1.1_.22 
2n  r  n  p  n 


iviq  <  c  •  ivi  ,  •  iviq:\ 

Lp*q(0)  w1,r(n)  w’'2(fl) 
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(3.62) 


Ivl  <  C 

w1,r(fl) 


Ia“vI 

P 


e 

LP(S) 


Ivl 


(0) 


<  elA°vl  ♦  C(E)  •  Ivl 

P  LP(!J)  W1,2tn) 


for  all  suitable  v,  for  some  8  <  1,  and  thus  for  all  c  >  0  (with  soa«  C(£)  >  0). 
Inserting  (3.61)  and  (3.62)  into  (3.57)  and  the  result  into  (3.56),  we  get  from  the 
W,,2-bound  for  u  and  the  L  -bound  for  u1  that 

t 

(3.63)  w(t)  <  /  B(t  -  s)  •  (C( 6 )  +  6  •  wts)>ds  , 

0 

HO 

and  6  can  be  made  arbitrarily  small.  If  6  <  ~  •  (/  B(s)ds)  this  shows  the 

1  0 

essential  boundedness  of  w( • ) ,  which  was  needed  to  complete  the  proof  of  the 
Corollaries. 

QED. 

Proof  of  Theorem  5:  We  apply  a  standard  fixed  point  argument.  For  p  <  “,  denote  by 
Xp(T)  the  space 

(3.64)  LP(0.T»W2'P(£1)  n  w’'’^))  n  W1,p(  [0,T)  .LP(£i) ) 

-  LP(0,T>D(Ap))  nw’'P([0,I),LP(fl))  , 

with  A  defined  as  above.  For  0  <  a  <  1  and  v  e  X  (T>,  let  w  -  X(c,v)  be  the 
p  P 

unique  solution  of 


t 

(3.65)  3  w(x,t)  -  &  w(x,t)  ♦  a  *  /  g(t  -  s,v<x,s))ds  ”  f(x,t)  (x  e  «,  0  <  t  <  T)  , 

t  x  0 

(3.66)  w(x,t)  =0  (x  6  )l),  0  <  t  <  T)  , 

(3.67)  w(x,0)  B  u0(x)  (x  e  SI)  . 

Since  Xp(T)  *-»  C°((j  x  [0, T],R),  if  p  >  j  *  1,  with  compact  imbedding,  w  is  well- 

defined,  and  K  s  (0,1)  »  Xp(T)  ♦  Xp(T)  is  completely  continuous  (see  [10]).  Obviously, 

u  e  X  (T)  is  a  solution  of  (2.1)— (2.3)  iff  K(1,u)  ■  u»  and  since  K  has  range  in 
P 

O  X  (T),  u  will  automatically  be  in  the  regularity  class  (2,4).  Let  now  p  >  ~  +  1 

p<- 
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be  fixed)  we  show  that  for  some  large  constant  M  and  for  any  0  <  o  <  1  the  conclusion 
holds 


(3.68)  K(o,u)  -  u  —  >  lul  <  M  . 

X  (T) 

P 

Since  there  is  a  unique  solution  of  K(0,u)  *  u,  a  Leray-Schauder  degree  argiasent  then 
shows  that  there  must  exist  a  solution  of  K(1,u)  «  u  which  is  bounded  by  N  in  Xp(T) 
(see  [17]).  we  proceed  to  show  (3.68)  and  assiaie  without  loss  of  generality  that 
o=>1.  thus  let  u  be  a  solution  of  (2.1)  —  (2.3).  Take  difference  quotients  in  t  of 
(2.1),  multiply  with  the  corresponding  difference  quotient  of  u,  integrate  over 
fl  *  CO, tj  and  let  the  differences  tend  to  zero.  After  an  integration  by  parts  we  get 
the  identity  (1.29)  (3ee  the  proof  of  Theorems  1  and  2)  with  b  5  1. 

Next  observe  that  this  choice  of  h  allows  to  estimate  the  term 


from  below  by 


/  /  u  (*.s)  •  ~  </  g(s  -  T ,u( • ,T ) )dt )ds 

o  a  s  o 


t 

(3.69)  /  G(t,u(x,t))dx  -  /  G( 0 ,u( x, 0 ) )dx  -  /  /  G'(s,u(» ,s) )ds  > 

a  n  on 

by  lemma  7.  Inserting  this  into  (3.29),  we  get  an  estimate 

T  , 

(3.70)  /  /  |V  u  (*,s)|  ds  «  C(Un«f)  • 

0  £1  * 

If  the  space  dimension  is  n  *  1,  this  implies  a  uniform  bound  for  |u(x,t)|  and  thus 
for  |g(t  -  s,u(x,s))|  for  all  x,s,t;  thus  the  regularity  theory  in  (10)  gives  the 
bound  in  (3.68). 

If  the  space  dimension  is  n  •  2,  (3.70)  implies  that 

(3.71)  sup  lu(*,t)l  <  C(r,u0,f) 

0<t<T  Lr(SJ) 
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-  /  G(0,uq(x) )dx 

a 


for  all  r  <  «••  Picking  r  big  enough  such  that  r  >  p  •  q,  q  the  growth  exponent  in 
(2.56),  this  Implies  a  bound 

(3.72)  sup  lg( t  -  s,u(*,s)l  <  C(uQ,f,q)  , 

t,s  LP 

since  (2.11)  implies  that 

s 

(3.73)  |g(s,v)|  -  g(s,v)  •  sign  v  -  [g(0,v)  +  /  g'(T,v)dT]  •  sign  v 

0 

<  g( 0, v)  •  sign  v  »  |g(0,v)| 

for  all  s  and  v.  the  bound  (3.72)  again  allows  to  conclude  (3.68). 

Finally,  if  n  >  3,  we  get  for  any  0  <  t  <  T  (see  [10]) 

t  s 

(3.74)  lulp  .  .  <  C(Ug,f )  ♦  C  •  /  if  g(s  -  T,u( • ,T) )dtlP  ds 

p  0  0  LP 

t  s 

<  C  •  (1  ♦  /  /  lu(*,T)lr  dTds) 

0  0  Lr 

with  r  »  p  •  "  *  2  by  (2.56).  Using  the  calculus  inequality 
n  •  4 

(3.75)  lvlr  <  C  •  lvlP  •  lvlr"P 

Lr  wz'p(fl)  w1,2(n) 

for  this  choice  of  r  and  the  bound  (3.70)  for  u,  (3.74)  implies  an  integral  inequality 
of  the  form 

(3.76,  iu.P  <  C  (1  ♦/t  .».P  ds, 

p  Op 

for  all  0  <  t  <  T,  C  depending  only  on  the  data  and  on  T.  Gronwall's  Lemma  then  allow 


to  complete  the  conclusion  (3.68).  this  finishes  the  proof  of  theorem  5 


w 


Proof  of  Corollary  5. Ax  To  prove  pert  (i),  we  first  solve  (2,1)- (2. 3)  on  soeie  snail  strip 

m  m 

8  *  [0,e]  by  means  of  a  standard  fixed  point  argument  in  L  (0,c;L  (ft)).  From  standard 
regularity  results,  the  solution  w  will  be,  e.g.,  in 

Lp(4,e,w2'p(ft))  n  w1,p((fi,e],LP(a)) 

for  all  S  >  0,  p  <  »  (see  (10J).  He  then  re-write  (2.1)  on  ft  x  [e,T)  as 

t  e 

(3.77)  3  u(x,t)  -  A  u(x,t)  +  /  g(t  -  s,u(x,s))ds  *  f(x,t)  -  /  g(t  -  s,w(x,s))ds  . 

*  *  e  0 

The  boundedness  of  w  on  £2  *  [0,e]  then  implies  that  the  right-hand  side  of  (3.77)  is 

•  <®  ii  2 

in  L  (e,T;L  (a))  n  H  (c,T>L  (0)).  Also,  without  loss  of  generality 

.  e 

(3.78)  —  /  w(*,s)ds  ♦  w(*,e),  as  h  +  0 

e-h 

in  all  W2'p(fl)  (p  <  “).  Indeed,  for  fixed  p  (3.78)  will  hold  for  almost  every  t 

replacing  e,  0  <  t  <  £.  Thus  (3.78)  will  still  hold  (for  almost  every  t  replacing  e) 

2  N 

in  all  H  '  (ft),  N  a  natural  number.  Decreasing  e  if  necessary,  we  find  that  (3.78) 

holds.  He  now  apply  Theorem  5  to  the  equation  (3.77)  with  boundary  condition 
1  2 

u(*,t)  e  Wg'  (8)  and  with  initial  condition  u(*,€)  ”  w(*,e).  From  the  property  (3.78) 
it  follows  that  the  function  defined  by 

w(x,t),  if  t  <  e 
U(x,t),  if  t  >  € 

Is  a  distributional  solution  of  (2.1)-(2.3)  on  all  8  x  [0,T]|  thus  it  is  a  solution  for 
the  full  problem  (by  the  uniqueness  of  weak  solutions  of  linear  parabolic  equations)  in 
the  regularity  class  (2.61). 

To  prove  (11),  we  again  write  the  equation  (2.1)  as 

t  £ 

(3.79)  3tu(x,t)  -  &xu(x,t)  +  /  g(t  -  s,u(x,s))ds  ■  f(x,t)  -  /  g(t  -  s,u(x,s))ds  , 

E  0 


-32- 


and  note  that  aa  above  some  small  e  can  be  found  which  is  a  Lebesgue  point  of  u(*,t) 
in  all  W  ***<£!)  (p  <  ")•  (Mote  that  the  solution  will  be  in  the  regularity  class  (2.61) 
for  all  e  >  0,  T  <  **,  by  the  sane  argument  as  used  in  the  proof  of  part  (i)  above).  To 
apply  Corollary  3  on  fix  (e,«),  it  is  sufficient  to  show  that 

c 

(3.80)  (x,t)  ♦  /  g(t  -  s,u(x,s))ds  e  L  ( C-t-tlTw ) 

0 

and  that 

•  e 

(3.81)  /  (/  1/  g*  ( t  -  SfU(x.s))  ds  1 2dx  b(t))  ^2  dt  <  “  . 

e  8  0 

Again,  it  is  issiediate  that  u  will  be  essentially  bounded  on  a  x  [0,e],  if  we  choose 
e  small  enough;  the  property  (3.80)  then  follows  from  the  fact  that  g(s,u)  is 
increasing  in  u  and  g(s,u)  •  sign  u  is  decreasing  in  s.  Property  (3.81)  follows 
since  g'(s,u)  is  decreasing  in  u  and  g‘(s,u)  •  sign  u  is  increasing  in  s  (and 
negative);  thus,  if  K  is  a  bound  for  |u|  on  8  x  I0,e),  and  writing 

w(s)  -  |g‘(S,K)|  +  Ig*(s,-K)|  , 

W(s)  »  |g(s,K) |  +  |g(s,-K)|  , 

we  have 

•  6  , 

(3.82)  /  (/  |/  g'(t  -  s,u(x,s) )ds|2dx  b(t>)  '1  dt 

e  a  0 

•  e  1  1 

<  /  /  w(t  -  s) ds  •  b  ^(tldt  •  |8|  /z 
e  0 

<  c  •  /  (w(t  -  e)  -  w{ t) )  •  b  /2(t)dt  <  -  , 

e 


since 


(3.83) 


IgC.'Ol  <  ~ 


lg(0,K)| 


and  b  is  an  exponential  function. 

TO  prove  (iii),  ve  use  exactly  the  we  arguments.  Since  in  this  case  b(>)  is  not 
necessarily  an  exponential  function,  we  need  the  integrability  condition  (2.62)  to  deduce 
(3.81)  from  (3.83). 

QED. 
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Extensions  and  Generalizations 


The  Initial-boundary  value  problea  (2.1)-(2.3)  represents  a  typical,  however  special 
situation,  in  which  the  "energy-type"  estimate  leading  to  the  inequalities  (2. IS),  (2.16) 
can  be  applied.  Several  extensions  are  iaaiediate  which  we  want  to  mention  here,  without 
stating  them  as  separate  results. 

First,  it  is  clear  that  the  case  of  inhomogeneous,  but  constant  boundary  data,  in 
which  (2.3)  is  replaced  by 

(4.1)  u( x, t )  5  Ug(x),  (x  e  ifl,  t  >  0) 

with  Uq  e  w2'  (0),  presents  no  additional  difficulties.  Solutions  of  (2.1),  (2.2), 

(4.1)  will  still  be  in  the  class  (2.4),  and  all  the  results  of  Section  2  are  valid  without 
any  modification,  since  it  was  only  assumed  in  the  proofs  that  2tU^3ft^*'^  5  ®  in 

-  V 

H  2  (30).  By  considering  v(x,t)  u(x,t)  -  uQ(x),  this  problea  can  be  reduced  to  a 
problea  of  type  (2.1)- (2. 3)  with  an  x-dependent  function  g  in  the  integral  terai  this 
leads  to  the  modification  of  (2.1)i 

t 

(4.2)  3  u(x,t)  -  A  u(x,t)  ♦  /  g(t  -  s ,x,u( x,s)  )ds  -  f(x,t)  (x  e  ft,  t  «  (0,»))  . 

0 

If  g(*,*,*)  is  continuous  in  all  three  argiatnts,  and  if  all  the  properties  asswed 
for  g  hold  uniformly  with  respect  to  x,  similar  results  to  Theorems  1,  2  5  and 
Corollaries  3,  4,  5»  are  lusMdlato,  since  only  the  pointwise  version  of  Lemma  ?  was  used 
in  the  proofs.  To  show  Theorems  1  and  2  it  is,  in  fact,  only  necessary  to  assume  that 
I g( s ,u,x ) I  <  Mix)  •  WIT, R)  for  all  s  <  T,  |u|  <  R  , 
with  u  e  L '  (ft ) ,  and  that  g  be  measurable  in  x  for  fixed  s,u  and  continuous  in 
(s,u)  for  a.e.  x.  TO  show  the  convergence  of  solutions  (Corollaries  3,  4)  or  the 
existence  (Theorem  5),  it  will  be  necessary  to  assume  that  u  8  Lr(£l)  for  some  r  >  1 
and  to  relate  r  to  the  growth  conditions  formulated  in  (2. 38)  rasp,  in  (2.56).  Since 
these  generalizations  are  not  IxxMdlately  motivated  and  more  or  less  straightforward,  we 
shall  not  give  the  details. 
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The  question  of  t-dependent  Dirichlet  boundary  data  seems  to  be  more  delicate*  we  do 
not  have  a  satisfactory  way  of  generalizing  our  results  to  this  case. 

It  is  also  immediate  from  the  proofs  that  all  results  remain  valid  if  -A^  is 
replaced  in  (2.1)  by  a  second  order  operator  in  divergence  form. 


(4.3)  A0  :  u  ♦  l  3  (a  (*)3  u>  , 

i,j-1  i  3  j 


1  *t~CI  «• 

with  C  (fl)-coefficients  aij»  which  is  uniformly  elliptic.  It  is  even  possible  to 
Include  a  general  operator  on  a  possibly  unbounded  domain  0, 

(4.4)  A  :  u  •*  l  {3  (a  (x)3  u  +  b.(x)u)  ♦  C  (x)3  •  u}  ♦  d(x)  •  u  , 

i,j  *i  3  j  3  J 


as  long  as  a  Gardlng-type  Inequality 

(4.5)  (Au,u>  >1 

t  (fl) 


IT  ul 
x 


2 

L2(n) 


holds  with  11  >  0.  The  constant  1 1  then  replaces  the  eigenvalue  XQ  in  (2.17)  and 
(2.23)  and  in  the  corresponding  conclusions. 

We  next  indicate  how  to  obtain  generalizations  of  these  results  to  some  related 
problems . 


Boundary  conditions  of  the  third  type. 

The  problem  (2.1),  (2.2)  with  the  boundary  condition 

(4.6)  3vu(x,t)  +  o(x)  •  u(x,t)  “  f,(X,t),  X  e  3fl,  t  >  0 

can  also  be  treated.  Here  3y  is  the  (outer)  normal  derivative,  a(»)  >  0  is  seen  c1- 
functlon,  and  f,  s  38  x  (0,«)  ♦  R  is  a  given  function.  We  assume  that 

(4.7)  a  $  0 

which  implies  that  the  principal  eigenvalue  X 1  of  the  negative  Laplacian  with  a 
homogeneous  boundary  condition  (4.6)  is  positive! 

(4.8)  X  -  inf {/  |V  w|2  «■  /  a  •  w2|w  e  W1,2(n),  /  w2  -  1)  >  0  . 

n  x  30  n 
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We  state  the  corresponding  result  on  the  existence  and  asymptotic  behavior  of  solutions  as 

Theorem  9: 

a)  Let  Uq#  f,  g,  and  G  satisfy  (2.5)-(2.7),  <2.9)-(2. 12) ,  (2.55)  and  (2.56).  Also, 
let 

(4.9)  f(  e  L*(0,»iw''"|3(l||n  W1'”([0,-).L“of.l) 
and  assuu  that 

(4.10)  3uu0  +  a  •  uQ  -  f  (*,0)  on  3G  . 

Then  the  problem  (2.1),  (2.2),  (4.6)  has  a  solution  u  on  £)  x  [0,-)  which  is  for  all 
T  >  0  and  all  p  <  “  in  the  regularity  class 

(4.11)  X  (T)  -  LP(0,T|M2'P(!)))  n  W1,P(  [0,T),LPtn))  . 

P 

b)  If  also  (2.13)  and  (2.14)  hold  for  soeie  k  >  0  and 

"  ,  1, 

(4.12)  /  (b(t)  •  /  |3  f ( • , t)  1  )  2dt  <  -  , 

0  n 

1 

00 

(4.13)  J  ij  13  f  <*,s) |2r)*  •  b(s)ds  <  -  , 

0  30  C 

with  r  »  1,  if  n  “  1,  r  >  1  arbitrary,  if  n  *  2,  r  -  n  1 ,  if  n  >  2,  and 

(4.14)  b(s)  "  exp(t  •  min{ic,2  •  (X^  -  e ) } )  , 
where  X^  is  defined  in  (4.8)  and  X  ^  >  c  >  0,  then 

(4.15)  /  | 3  u(x,t) | 2dx  •  b(t)  <  C-  for  all  t  >  0  , 

a  c 

(4.16)  /  /  |V  3  u(x,t)  1 2dx  •  - ^ - rjr  dt  <  C.  for  all  «  >  0  . 

0  0  *  *  (log  b(t)  ♦  1) 

Here  CQ,  Cg  depend  on  uQ  and  on  the  quantities  in  (4.12)  and  (4.13). 

Also,  if  g  satisfies  the  sharper  growth  condition  (2.38),  then 

(4.17)  u(*,t)  ♦  u,,  in  c’lB),  as  t  ♦  »  , 
where  um(')  solves  the  elliptic  equation 
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r 


(4.18) 


-i u^fx)  +  /  g( s .u^t *) )ds  «  lim  f(x,t)  , 
0  t+“ 


3^1x1  +  a(x)  •  u^lx)  *  11b  f^lx.t)  . 

t  +  CD 


c)  If  in  addition  to  the  conditions  in  a)  (2.19)  holds  and  with  *(•)  as  in  (2.20), 
X1  >  €  >  0, 

t 

(4.19)  b(t)  =*  exp (/  min{ic(s),2  •  (1^  -  £)}ds)  , 


the  data  satisfy  (4.12)  and  (4.13),  then  again  (4.15)  and  (4.16)  hold.  If  b  satisfies 
for  some  6  >  0 


(4.20) 


r  (log  b(s)  ♦ 
0  b(8) 


1) 


1+4 


ds  <  « 


and  if  the  growth  condition  (2.38)  holds  for  g,  then  also  the  convergence  conclusion 

(4.17)  is  true,  and  the  limit  uw  satisfies  the  equation  (4.18). 

Before  we  Indicate  the  proof,  it  should  be  remarked  that  the  1 -m 1 t 

lira  f  <-,t)  e 

tx» 

exists  due  to  the  assumptions  (4.9),  (4.13),  and  (4.18).  Prom  the  general  theory  for 
elliptic  boundary  value  problems  (cf.  (10!)  it  follows  that  u^  e  W^'^(Sl)  for  all 

p  <  “. 

Proof  of  Theorem  9;  The  main  new  problems  in  the  proof,  compared  with  the  arguments  given 
in  Section  3,  arise  from  the  fact  that  the  boundary  data  in  (4.6)  now  depend  on  t.  Hence 
we  shall  only  give  the  details  for  the  changes  that  are  necessary  for  this  phenomenon,  and 
remain  sketchy  in  the  unchanged  parts  of  the  proof.  Also,  since  no  new  differences  appear 
between  the  proofs  for  b)  and  c) ,  only  the  former  statement  will  be  proven. 
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We  start  with  showing  the  estimates  (4.15)  and  (4.16)  for  a  solution  u  that  belongs 
already  to  the  class  (4.11)  for  all  p  <  00  and  all  positive  T.  From  the  definition  of 
and  from  standard  trace  and  imbedding  theorems,  cf.  [10],  it  follows  that  for  all 
w  e  w1,2(fl)  and  all  c  >  0 

1 

(4.21)  /  |V  w|2  +  /  a  •  w2  >  (X  -  e)  •  /  w2  +  C(e)  •  (/  |w|2r  )r  , 

ft  *  3ft  n  3n 

<  2r 

with  r  »  —  r  as  In  (4.13),  resp. 

(4.22)  /  |w  I2  +  O(a)  •  w2(a)  +  a(b)  •  w2(b)  > 

ft 

>  (X  -  c)  •  /  w2  +  C(e )  •  (w2(a)  *  w2(b>)  , 
ft 

if  n  =*  1  and  ft  »  [a,b]  C  H.  Here  C(£)  >0,  if  e  >  0.  Define  b(*)  as  in  (4.18) 
and  proceed  as  in  the  proof  of  Theorem  1,  i.e.  differentiate  the  equation  (2.1)  (foraally) 
with  respect  to  t,  multiply  with  b(t)  •  3tu(*,t),  and  integrate  over  ft  *  10, t].  We 
then  arrive  at  an  identity  of  the  form  (3.29),  with  additional  terms 

t 

(4.23)  /  /  a(x)  •  | 3  u( x ,  s )  I  do(x)  •  b(s)ds 

0  3ft 

appearing  on  the  left-hand  side  and 

t 

(4.24)  /  /  3  u(x,s)  •  3  f.(x,s)do(x)  •  b(s)ds 

0)8  ' 

appearing  on  the  right-hand  side.  The  quantity  (4.24)  can  be  estimated  by 
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1^ 


(4.25) 


/  (/  |  3  u(  •  ,s)  |  ir  )'iT'  •  </  13  f  C.s)|2r)2r  •  b(  a)  da 

0  3!)  3!) 


C( e )  •  /  (/  |3  u(-,a)|2r')r'  •  bis) 

0  3!) 


da  ♦ 


+  K  •  /  (/  |3  f  (•,a)|2r)r  •  b( s)da 

0  3!) 


with  C(£)  >  0  from  the  trace  inequality  (4.21).  Using  now  (4.13)  and  the  term  (4.25)  on 
the  left-hand  side  and  estimating  all  other  quantities  aa  in  the  previous  proof,  we  get 
again  the  inequality  (3.33)  (with  the  modified  b(*)),  with  some  additional  constants 
appearing  on  the  right-hand  side.  The  rest  of  the  proof  then  remains  unchanged,  and  the 
estimates  (4.15)  and  (4.16)  follow.  In  the  case  of  one  space  dimension  the  procedure  only 
needs  some  formal  modification.  Note  that  3^u  is  (at  least)  in  L2(  O.TjW1 ' 2  (!) ) ) ,  so 
that  the  trace  of  3^u  actually  exists. 

Next,  we  give  the  necessary  extension  of  the  arguments  for  the  existence  proof.  The 
previous  arguments  show  that  under  the  assimptions  stated  in  part  a),  any  solution  of 
(2.1),  (2.2),  (4.6)  satisfies  an  a  priori  estimate 


(4.26) 


/  /  IV  3  uC,t)|  dxdt  <  C 
0  i)  X  C 


for  all  T  >  0,  C  only  depending  on  the  data.  This  estimate  is  to  be  exploited  in  a 
bootstrapping  argument,  with  the  proper  modification  for  the  inhomogeneous  boundary 
conditions.  We  write  the  solution  as  u  m  w^  +  Wj,  where 


(4.27)  “  ^xwi  t  *  #t)  +  /  g(t  -  s,(w1  ♦  w^ )  ( •  ,s)  )ds  -  f(*,t)  -  « 


(4.28) 

(4.29) 


wt  (•  ,0)  “  Uq  "  w2(* ,0)  , 

3vWj  +  a  •  w^  =  0  on  3!)  *  [0,TJ  , 
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A 


x.TS'm 


(4.30)  -Aw2<*,t)  -  0  , 

(4.31)  3vW2(*'t*  +  a<**  *  w2("'t>  “  f,(*»t>  on  x  I0,T)  . 

Using  the  sane  type  of  degree  argument  as  in  the  proof  of  Theorem  5  in  Section  3,  it 
is  sufficient  to  show  that  w^  and  are  a  priori  bounded  in  any  X^(T)  (see 

(4.11)).  Starting  with  w2,  we  denote  by  B  the  operator  that  maps  boundary  data  v  to 
solutions  w  ■  Bv  of 

-A  w  -  0  in 

(4.32)  * 

3w+a*w-v  on  3S 2  . 
v 

Since  1^  >  0,  the  well-known  results  on  non-homogeneous  boundary  value  problems  apply, 
see  113], 


(4.33) 


1-  ~'P 


B  :  W 


on) 


w2'p(nj 


is  bounded  for  all  p  <  ",  wh^re  the  fractional  order  Sobolev  spaces  are  defined  as  in 


[13].  Since  W1'  Ofl)  *■*  W  P  (3S5)  for  all  p,  the  condition  (4.9)  implies  that 


1_  ~<P 


w2  «  LP(0,TjW2'P(fl))  for  all  p. 


Also,  from  [13], 


1+  —  -6,p 

(4.34)  B  :  LP(30)  ♦  W  P  (()) 

1  QD  CD 

la  bounded  for  every  6  >  0,  which  shows  that  also  w 2  e  W  '  ([0,T],L  (!)))  C 
W1,P([0,T],LP(n>)  for  all  p  <  “. 

To  show  that  w^  e  X^(T)  for  all  p  <  m  it  is  enough  to  Invoke  the  general 
regularity  results  in  [8]  for  solutions  of  linear  evolution  equations  of  "parabolic* 
type.  Also,  observe  that  the  right-hand  side  f  -  3tv2  in  (4.27)  is  in  LP(0,TiLP(fl) ) 
for  ail  p  <  “  and  that  the  initial  data  for  w,  is  in  all  W2'P<n)  and  satisfies  the 
compatibility  condition 

3vw,(.,0)  ♦  g  •  *,(.,0)  -  0 

by  construction.  The  X^(T) -bound  for  Wj  then  is  obtained  by  means  of  the  same 
"bootstrapping"  argument  as  in  the  proof  of  Theorem  S,  making  use  of  the  growth  conditions 
on  g.  It  remains  to  show  the  convergence 
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r„ 


u(*  ,t)  ♦  U„  1 

(4.35)  r  uniformly  on  ft  • 

V  u( * ,t)  ♦  V  u  J 

X  X  00  ' 

Define  A  as  the  Laplacian  in  L^(ft)  with 
P 

D(A  )**{%#  6  '**(8)13  v  +  <*w~0  on  3ft)  , 

P  v 

and  let  (S^(t))t>0  1)6  the  analytic  semigroup  generated  by  A^  in 

Then  analogous  estimates  of  (3.45),  (3.46)  hold,  the  decay  rate 
A  from  (4.8).  We  write  u  *  w^  +  w^#  *2  t*'e  8°Xution  of  (4.30  )# 
as  the  solution  of  (4. 27)-(4. 29) ,  i.e.  as 


LP(8)  (ae.  [7}). 
being  replaced  by 
(4.31),  w1  defined 


(4.36) 


w,(t)  -  S  (t)(u„  -  w, (0 ) )  +  I  S  (t  ~  s) ( f ( a)  -  3  w  (s) )ds 
1  d  0  2  Id  a  2 


t  ~  s 

*  S  s  (t  -  8)1/  g{ s  -  t,W  (T)  +  W  (T))dT]d8  , 
0  P  0  12 


where  the  x-dependence  has  been  suppressed  for  convenience.  The  convergence  result  (4.17) 
then  follows  as  in  the  proof  of  Corollaries  3  and  4  if  it  can  be  shown  that 

(4.37)  sup  •«,(•, t)l  ,  <  "  . 

t>0  *  *T'P(n) 

(4.38)  sup  Ia“w ,C,t)l  <  - 

t>0  P  1  LP(D) 

for  a  sufficiently  close  to  1  and  p  sufficiently  large  (p  >  n).  The  estimate 
(4.37)  again  follows  from  (4.33)  and  the  conditions  on  (4.38)  is  derived  in  exactly 

the  same  way  as  the  corresponding  estimates  for  the  solution  of  the  Dirichlet  problem  in 
( 3.53)- ( 3.63) .  This  concludes  the  proof  of  Theorem  9. 

QED. 

We  remark  that  the  conditions  leading  to  the  existence  of  solutions  can  be  weakened 
to  resemble  those  in  Theorem  5.  The  necessary  modifications  in  the  statement  and  in  the 


proof  are  obvious. 


Mixed  boundary  conditions,  nonlinear  boundary  conditions 


The  boundary  conditions  (2.3)  resp.  (4.6)  for  the  inte9rO’-differential  equation  (2.1) 
can  be  further  combined  and  generalized.  Me  briefly  indicate  two  possibilities. 

First,  asstaae  that  3fl  can  be  split  into  two  parts,  3D  *  U  r^,  which  we  assume 
to  be  closed  and  disjoint  (to  avoid  regularity  problesis  at  the  interface  points). 

Replacing  the  boundary  conditions  (2.3)  reap.  (4.6)  by 

u(*,t)  =0  on  r  for  0  <  t 

(4.39) 

3vu(*,t)  +■  a(*)  •  u(*,t)  *  f^(*,t)  on  for  0  <  t 

then  gives  a  mixed  boundary  value  problem  that  can  obviously  be  treated  in  the  same  manner 
as  the  problems  discussed  further  above.  The  eigenvalue 

X  -  inf { J  |V  w|2  +  /  a  •  w2|w  e  W1,2(f)),  w|_  »  0,  /  w2  -  1} 

2  n  *  r2  1 1  ft 

then  gives  the  decay  rate  for  the  associated  homogeneous  heat  equation  and  replaces  X^ 
in  Theorem  9,  giving  the  same  sort  of  convergence  result. 

It  is  also  possible  to  replace  (4.6)  by  a  nonlinear  boundary  condition 

(4.40)  3^u( * ,t )  4  fl(u(',t)>  »  0  on  30,  t  >  0 

with  f$  :  R  *  R  being  a  (locally)  Lipschitz-continuous  function  that  is  monotonically 
increasing.  Under  the  assumption  that 

(4.41)  6’(r)  >  >  0  for  s.e.  r 

convergence  results  can  be  established,  showing  that  the  integro-differentlal  equation  has 
solutions  that  converge  to  an  equilibrium  state  u—.  The  role  of  the  eigenvalues  X^ , X  ^ 
is  played  by 

X  »  inf{J  |7  w|2  ♦  a  •  /  w2|w  e  W1,2(0),  /  w2  »  1}  . 

3  0  “  30  0 

However,  in  this  situation  it  is  not  possible  to  employ  directly  results  from  linear 
semigroup  theory  to  show,  e.g.,  the  existence  of  a  solution  in  the  class  described  in 
(2.4)  or  the  convergence  u(*,t)  ♦  u^f")  in  c'(fl).  Rather,  direct  methods  for  the 
"unperturbed"  problem  (g(s,u)  5  0)  will  have  to  be  carried  overt  cf.  16]. 
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For  the  evolution  equation 


t 

(4.42)  9  u(x,t)  +  (-4  )"u(x,t)  +  I  g(t  -  s,u(x,s))ds  »  f(x,t)  (x  e  0,  0  <  t) 

0 

with  initial  and  boundary  conditions 

(4.43)  u(* ,0)  -  Uq ( 4 )  in  Q  , 

<«.44)  i  3vuC.t)l3fl  i  ...  =  971„(..t)l3Q  i  0 

siailar  convergence  (and  existence)  results  can  be  derived.  In  (4.42),  a  »  1  is  soeie 

integer,  and  in  (4.44)  9*  denotes  the  k-th  normal  derivative  (with  respect  to  the  outer 

normal  of  9fl).  We  assume  here  that  9Q  is  in  the  class  C2**9,  a  >  0. 

Semi linear  equations  of  the  type  (4.42),  with  the  integral  term  replaced  by 

gQ(u(x,t)),  have  been  discussed  by  various  authorsi  cf.  [9]  for  a  general  existence  and 

regularity  result.  We  define  (for  fixed  a) 

X  :«  inf {/  |V*w|2|w  e  w“'2(fl),  /  w2  -  1}  . 

H  fi 

Then  >  0  gives  the  decay  rate  for  solutions  of  the  "unperturbed"  equation  (4.42) 

(f  =  0,  g  =  0),  as  can  be  seen  from  the  theory  of  analytic  semigroups  {[7)).  For  (4.42), 
we  have  the  following  result  that  is  parallel  to  the  previous  theorems: 

Theorem  10:  Imt  g,G  satisfy  (2.5),  (2.6),  (2. 10)-(2. 12 ) ,  and  (2.55).  Assusw  that  for 
n  >  2m 

(4.45)  |g(0,w) |  <  C  •  (|w|p<n'">  +  1)  for  all  w  «  ■  , 

C  being  some  constant,  p(2a*B>  being  some  positive  number,  and 

(4.46)  Jl  #  tf  n  >  2m  . 

Also,  let 

(4.47)  uj  e  w2,'"{n) n  w"'2{0) 
and  let  f  satisfy  (2.34). 


Then  the  problaa  ( 4.42 )- ( 4. 44 )  has  a  solution  u  on  SI  »  (0,«)  which  Is  in  the 


class 

(4.48) 

rp(T)  -  Lp(0.T»W2“'p(Q))  n 

W1,P(tO,Tl,LP<n)) 

for  all 

p  <  •  and  all  positive  T. 

b)  If 

g  also  satisfies  (2.13),  (2.14)  for  some 

<  >  0  and  if 

with 

(4.50)  b(t)  “  exp(t  •  mintr^X^)  , 

then  (4.15)  and 


(4.51) 


/  /  |V*3  u(K,t)|2dx 
0(1 


bit) 


(log  b(t)  +  1) 


ns<cs 


hold  for  all  6  >  0.  Here  Cg  depends  on  ti0  and  on  the  quantity  in  (4.49).  Also,  if  a 
strict  Inequality  holds  for  the  growth  exponent  in  (4.46)  and  if  f  is  essentially 
uniformly  bounded  on  n  x  (0,«),  then 

(4.52)  u( • , t )  ♦  u„  in  C2"”1^),  as  t  ♦  -  , 

where  u^i*)  solves  the  elliptic  problem 


(4.53) 


(-4k)"U-(x) 


*  / 
0 


5  3" 


g(s,u_(x)  )ds 

'ill  20. 

'an 


lira  f(x,t) 
t*» 


c)  If  in  addition  to  the  conditions  in  a)  (2.19)  and  (2.20)  hold  for  g  and  if  the 
data  f  satisfies  (4.49),  b(*)  defined  by 

t 

b(t)  *  exp (/  ainficls)  ,2X  }ds)  , 


(4.54) 


r 


K ( • )  as  In  (2.20),  then  again  (4.15)  and  (4.51)  hold.  If  b  satisfies  (4.18)  for  aome 
6  >  0,  if  strict  inequality  holds  for  the  growth  exponent  in  (4.46),  and  if  f  is 
essentially  uniformly  bounded  on  SI  *  (0,»),  then  also  the  convergence  (4.52)  holds,  and 
solves  the  elliptic  problem  (4.53). 

The  proof  of  this  theorem  does  not  differ  from  the  arguments  given  in  Section  3> 

hence  we  do  not  give  its  details  and  only  point  out  the  necessary  changes.  First,  under 

the  assumptions  of  part  b)  and  c),  the  estimates  (4.15)  and  (4.51)  follow  in  precisely  the 

m 

same  way  as  in  the  proofs  of  Theorems  1  and  2  -  the  term  (-A^)  14  equation  (4.42) 

leading  to  an  estimate  for  the  w“'2-norm  of  3fcu  rather  than  for  the  W1,2-norm  as  in, 

e.g.,  estimate  (2.16).  Similarly,  under  the  conditions  stated  in  part  a),  an  estimate 


(4.55) 


*  y 

I  J  |Vm3  uC.tll  dt  <  C( data ,  T) 
on 


follows.  Next,  to  prove  existence  (in  part  a))  and  the  convergence  results  in  part  b)  and 
c),  it  is  again  convenient  to  re-write  the  solution  u  by  means  of  a  variation-of- 
constants  formula. 


t  t  a 

u(t)  »  S  <t)u„  ♦  /  S  (t  -  s)f (s)ds  +  /  S  (t  -  8)  /  g(s  -  T,u(t))dTds  , 
P  0  0  V  0 


where  x-arguments  have  been  omitted.  Here  S^( * )  is  the  analytic  semigroup  generated  by 


A  In  LP(S1)  under  zero  Dirichlet  boundary  conditions  (4.44).  Then  (3.45) 
P 


(-fl  ) 
x 

holds.  Instead  of  (3.46)  we  have  for  all  n  <  p  <  m 
(4.57)  Ivl 


,  ,  <  C  •  I A°vl 1  E  Ivl® 

2m_1  (S2)  P  LP(S1)  w"'2(») 


if  v  <»  0(A),  1  >  a  >  0,  such  that  1  -  a  and  e  >  0  are  sufficiently  small  (cf*  (7]), 
P 

depending  on  the  size  of  p* 

As  in  the  proof  of  Corollaries  3  and  4,  it  is  enough  to  prove  that  under  the 
conditions  of  Theorem  10 
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(4.58) 


»A°U< t) I  <  C 

P  LP(8) 

for  sane  a  and  p  such  that  (4.S7)  holds.  This  la  again  done  by  a  'bootstrapping* 

argument  for  n  >  2m  and  by  direct  arguments  for  n  <  2m.  First,  if  n  <  2m,  then  the  a 

priori  estimate  (4.SS)  together  with  suitable  embedding  theorems  ([10))  shows  that 
u(*,t)  is  uniformly  (in  t)  bounded  in  any  tP(8),  p  <  <•,  if  n  <  2m,  p  <  «*,  if 

n  “  2m.  The  estimate  (3.54)  together  with  the  growth  condition  (4.45)  (if  n  -  2m)  shows 

that  the  same  type  of  bound  also  holds  for  the  nonlinear  term 

t 

/  g(t  -  s,u(*,s))ds  . 

0 


Using  (3.54)  and  this  bound  in  the  variation  of  constants  formula  (4.56)  then  implies  the 
bound  (4.58),  in  the  same  way  as  in  the  case  of  an  elliptic  operator  of  second  order. 

If  n  >  2m,  we  define  w(’)  as  in  (3.55)  (with  ip  replacing  Ap)  and  derive  the 
estimate  (3.56)  (with  X^  Instead  of  XQ).  then  pick  o  such  that 
(4.59)  1  >  a  >  (p(n,m)  -  1)  •  S-T-iB  , 

p(n,m)  as  in  (4.46),  and  close  enough  to  1  such  that  (4.57)  holds.  Next  choose  r  <  “ 
such  that 


(4.60) 

This  implies  ( (7) ) 

(4.61) 


P 


(p(n,m) 


1) 


«  C 


Ivl 


,2m- 1,r 


and 

(4.62) 


Ivl  „  .  <  C  •  IK  vl  ♦  C(E)lvl 

w2m-1,r  p  Lp  wm,2 


for  all  suitable  v,  for  all  t  >  0  (with  some  C(e)  >  0),  and  with  the  abbreviation 
p  -  p(n,m).  From  (4.61)  and  (4.62)  and  from  the  variation  of  constants  formula,  we  get 
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1 


an  integral  inequality  for  w(*)  which  can  be  chosen  such  that  it  has  only  bounded 
solutions.  This  completes  the  proof  of  (4.58)  and  thus  of  parts  b)  and  c)  of  <n*eorea  10. 

For  the  proof  of  part  a),  a  fixed  point  argument  as  in  the  proof  of  Theorem  5  is 
used,  together  with  optimal  regularity  estimates  in  the  spaces  V^fT)  (cf.  (4.48) )»  see 

i 

(8)  for  the  necessary  estimates  for  linear  problems.  Details  are  left  to  the  reader.  | 

i 

BED. 

I 

Again,  as  in  the  proofs  of  Corollaries  3  and  4  as  compared  to  the  proof  of  Theorem  5, 

i 

using  only  the  "sub-optimal"  regularity  estimates  that  are  contained  in  (3.45)  excludes 

n  +  2b 

the  "limiting"  growth  exponent  - —  ,  but  displays  the  asymptotic  behavior  of  the 

n  •  2b 

solution  semigroup  more  clearly. 

For  the  semilinear  version  of  (4.42)-(4.44)  (the  integral  term  replaced  by 
gQ(u(x,t)),  it  is  known  that  global  solutions  u  exist,  if  gQ  has,  e.g.,  the  same 
growth  properties  that  are  assumed  for  g(0,* )  in  Theorem  10. a).  However,  in  the  case  of 
the  limiting  growth  exponent  jj-*  ^  ,  regularity  is  much  harder  to  prove,  cf.  [9). 

Also,  for  the  limit  equation  (4.53),  the  existence  and  regularity  of  solutions  has 
been  shorn  in  [16],  again  for  the  case  that  corresponds  to  the  limiting  growth  exponent 
“  ,  by  means  of  direct  methods  for  elliptic  equations.  It  is  not  clear  how  to 
extend  the  convergence  result  of  Theorem  10. b,  c  to  the  case  of  a  limiting  growth 
exponent,  except  for  "small"  nonlinearities  (g(s,*)  multiplied  by  e  •  g(s,*)).  To  do 
this,  one  uses  the  "optimal"  growth  estimates  in  the  spaces  Yp(T)  and  notices  that  the 
assumption  on  the  spectrum  of  (-6)m  (X,  >  0)  allows  to  get  T-independent  constsnts  in 

4 

the  corresponding  regularity  estimates. 

He  conclude  with  a  few  remarks  concerning  systems  of  (second  order)  equations  with 
integral  terms  of  the  form  in  (2.1)  and  higher  order  equations  of  the  form  (4.42)  with 
nonlinear  integro-differential  operators 
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(4.62) 


t  . 

/  l  !,(t-.,(>  uC1.l)  I  J« 

0  lal<m  xa  x  ,6,<“ 

instead  of  the  polynomial  type  integral  operator  in  (4.42). 

In  the  case  of  a  system,  it  is  still  possible  to  handle  finite  sun  integral  operators 
of  the  form 

M  t 

(4.63)  l  f  a,(t  -  a) g  ( u( * ,s) ) ds 

i-1  0 

with  mcalar  kernels  a^l 4 )  and  vector  functions  g^  ( £ )  -  the  Gi  being  convex, 

by  utilising  a  suitable  vector-valued  version  of  lemma  6  (which  holds  almost  without 
change  in  the  wording).  Similarly,  for  integral  operators  of  the  type  (4.62)  having  the 
form 

t  M  .  . 

(4.64)  /  l  a,(t  -  s)  l  9  gNt  -  s,(a^u(*,s))  ...  )ds 

0  i-1  1  |a  | <m  *  01  *  IS|<m 

similar  results  can  be  derived,  if  the  g*  are  of  the  form 

(4.65)  g*(£)  -  (-1),a,  •  T~Gi(£),  G1  convex  , 

a  <% 

and  satisfy  suitable  growth  estimates. 

Open  Questions. 

a)  It  is  not  clear  whether  solutions  of  (1.1)  or  of  the  related  problems  discussed  above 
will  be  unique  under  the  assumptions  that  have  been  used,  in  contrast  to  the  situation 
for  the  semilinear  parabolic  equation  (1.5),  where  monotonicity  of  g(x,*)  implies 
uniqueness.  6  sufficient  condition  for  the  uniqueness  of  solutions  of  (1.1)  is  that 
g(s,x,*)  he  locally  Upschite-continuous  in  u  uniformly  for  (x,s)  in  some 
Q  x  (0,e).  On  the  other  hand,  it  is  also  well-known  that  solutions  of  the  limit 
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equation  (2.42)  are  unique  (with  the  boundary  conditions  discussed  above),  if 


u  ♦  /  g(s,u)ds 
0 


is  merely  monotone  non-decreasing. 

b)  For  the  semillnear  equation  (1.5),  the  existence  of  regular  solutions,  convergence 
rates  as  (1.9),  and  the  convergence  u(*,t)  »  u^i*)  in  C^fl)  follows  without  growth 
restrictions  on  the  nonlinear  term  g,  since  it  is  possible  to  bound  solutions 
uniformly  on  fl  x  (0,*)  by  means  of  the  maximum  principle.  It  is  not  clear  whether 
these  properties  still  hold  for  solutions  of  (1.1),  if  one  drops  the  growth 
restrictions  (2.38).  The  existence  of  oscillatory  solutions  with  positive  initial 
data  (cf.  Section  1)  shows  that  a  comparison  principle  does  not  hold. 

c)  (Jstng  the  regularising  effects  of  the  non-linear  semigroup  that  is  generated  by 

u  ♦  -&xu  +  g(u) 

in  T.P(S!)  (1  5  p  <  ”) ,  it  is  still  possible  to  show  the  convergence  u(",t)  +  u^l*) 
for  less  regular  initial  data  (see  [18]):  One  shows  that  for  some  e  >  0  the 

oo  £  ao 

solution  u  of  (1.5)  will  be  in  t,  (— ,e;L  (fl))  and  hence  (via  linear  semigroup 
2  - 

theory)  u(*,e)  e  C  (fl).  Taking  u(*,E)  as  an  initial  value,  one  sees  that  the 
regularity  of  u(*,0)  plays  a  minor  role  for  the  convergence  behavior.  For  the 
integro-dlf ferentlal  equation  (1.1),  the  regularity  of  u  on  B  *  (0,e)  does  play  a 
role,  since  the  effect  of  irregular  initial  data  is  not  "forgotten"  due  to  the 
presence  of  the  integral  term.  Thus  It  will  in  general  not  be  possible  to  extend  the 

1  —  m 

class  of  initial  data  for  which  convergence  in  C  (fl)  can  be  shown  beyond  L  (Q)  (as 
described  in  Corollary  5a).  It  is  conceivable  that  convergence  in  some  LP(fl)  can  be 
shown  If  g(s,*)  satisfies  some  polynomial  growth  conditions  and  uQ  is  in  some 
br(Sl),  r  <  " . 
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d)  For  solutions  of  tha  aeailinear  equation  (1.5)  as  trail  as  of  the  Unit  equation 

(2.42),  the  solution  can  vanish  identically  on  soae  parts  of  Q,  if,  e.q., 

„  a 

g(u)  ~  u  ,  as  u  +  0  , 

with  0  <  a  <  1,  and  the  boundary  data  and  the  size  of  ft  are  in  soae  sense 
coapatible  ((19]).  It  is  not  clear  whether  this  free-boundary  phenomenon  still  holds 
for  solutions  of  the  inteqro-differential  equation. 
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